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STABILITY OF THE PLANE WAVE FRONT OF FLUID EVAPORATION

E. B. Levchenko and A. L. Chernyakov UDC 532.70 + 535.211

An evaporation wave is propagated in the bulk of a substance subjected to a powerful
radiation flux in a condensed medium. In those cases when the domain thickness in front of
the wave front heated because of heat conduction is small compared with the characteristic
dimensions of the system under consideration, the realization of a quasistationary regime
for which the velocity of wave front motion is determined by the instantaneous value of the
energy flux density absorbed in the medium, is generally possible. 1In fact, the process of
material rupture under sufficiently large energy flux intensities (for Q > 10°-10° W/cm? for
metals) is accompanied, as a rule, by different nonstationary phenomena such as self-oscilla-
tions in the gas flow, ejection of substance in the form of drops, etc. [1], which apparently
indicates instability of the quasistationary evaporation mode.

In this paper the stability of the plane fluid evaporation wave front considered as the
surface of discontinuity of the thermodynamic functions of the substance, is investigated.
An analogous problem in the theory of slow combusion was investigated by Landau [2], who also
discovered the instability mechanism of a plane chemical reaction wave associated with the
development of vortical disturbances in the flux of combustion products. In application to
the process of substance evaporation by powerful radiation flux, the mentioned instability
mechanism turns out to be decisive for the development of fluctuations of a front with wave-
lengths commensurate to the diameter of the radiation focusing spot. A substantial feature
of the evaporation process, because of which results obtained in the theory of slow combus—
tion [2, 3] are not directly applicable to the latter, is the high velocity of vapor escape,
which 1s commensurate with the speed of sound in a gas. Taking account of the vapor com-
pressibility, which is necessary in this case, results in a change in both the conditions of
origination and the nature of the development of the instability of the plane fluid evapora-
tion wave front.

Let us select a reference system in which the plane evaporation wave front is at rest,
and we direct the Cartesian z axis along the normal to the front so that the domain z < 0 is
filled with fluid and z > 0 with vapor. In this coordinate system the temperature profile
is stationary and has the following form in the absence of radiation absorption in the vapor
during surface evaporation:

T()l (Z)7 z < O,
Toe(2) = const, z>>0,
vz ) .0 0(”12/7’4) N 1%

— |+ -
] % M—vfY

To(z):{

Toz:ToseXP(

where Q is the energy flux density, u is the coefficient of radiation absorption, %7 =
p7czx7 is the heat conduction, and ¢z, p7 is the specific heat and density of the fluid. The
surface temperature Tog and the flow velocity vy are determined from the energy conservation
law
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dTol
dz

2 1 2
— PIU[(Awlg Vg Ty )*

— %y 5

where Awlg is the change in enthalpy during the fluid-vapor phase tramsition, and the equa-
tion for the evaporation rate is

. . /T
v=X(Tos), X(Ts)=Cee =~ °,

where the preexponential factor Co = const equalsg the speed of sound in the fluid in order

of magnitude, and u is the heat of evaporation per atom.

Let us investigate the stability of the plane evaporation wave front with respect to
small disturbances for which we linearize the Euler equation (we neglect viscosity) and the

heat conduction. Considering the gas motion adiabatic, and the fluid incompressible, we ob-
tain the system of equations

! 4
av, duy 1 ’

B 1]
1< 75_44013;c: —-1ﬁ-vp, dive, =0; (la)
ar; ar,  ,dr ,
. 4 . ol a7,
ar Mg +tn dz KV Ti; (1b)
v, o’ 1 '
) g ., e )
2> 0 5 T Ve dfg&!@ VPg» (2)
o), Ip, o as,, as,
3 T lsgr T eedivog =0, FFvg5E=0.

where { = {(x, t) is displacement of the front. The pressure change pé of the vapor, which
we consider an ideal gas, is related to the density and entropy disturbances by the relation-
ship

Psl Py = v0u/ 06 + Syleve, Se= cveIn(pg/o}), (3)

where y = Cpg/CVg is the adiabatic index, and Pgs Pgs Sg are the undisturbed values of the
vapor density, pressure, and entropy. The gas temperature is found from the equation of state

Tyl T = pylps— 0ul p- ()

The mass, momentum, and energy conservation laws on the wave front for z = £(x, t):

(7C 4 4 ’ .
(01 = ) =5 = P11z — Dyl — Dglg? (5)
, 9 Lo ! Yy sy 5 4 r g #°C 6
(0w — pgvyg) ot 8 (01 — pg) + P — Pg + 2000101 — 20,0404, — gty — e (6)
ar
1 2 1 2\ Jf ’ | 7N
(plelg+-—;— 0107 — PgEg — ~5—;)gvg> R UL 4+--§— vl +
’ ’ ' e ' R
+ pwr (Cier: + w1) — pytge (w T 5 Ug) — Pyl (w Ry Vg) -
, , o7 T
< (s , | AR
— Pglg (z,gpgz -+ u/g) — % (—d? + el
= 4

the condition of equality of the tangential velocity components that follows from the con-
tinuity of the tangential components of the momentum flux density

i

’ 55
Uix + (Ul - Ug) 0__; = Upxy (8)

as well as the relationship connecting the velocity of wave front displacement with the
change in the fluid evaporation rate

. , . ) v,
K =X, X =T 9)
dat

08
will be the boundary conditions for (1)-(4). The following notation was used in (5)-(9): g

is the acceleration of gravity, and €],g» Wl,g are the internal energy and enthalpy of the
fluid and gas.

The change in gas temperature Té (z = 0) and fluid surface temperature Té are intercon-
nected by the relationship that follows from examining the kinetics of the evaporation proc-

ess and the gasdynamic regime of vapor escape, which can be written in the general case in
the following form
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Ts T, Py

TOS

(10)

where the coefficients a and b should be determined from the solution of the kinetic equa-
tion in the transition layer. Tn the particular case of self-similar escape of vapor, g =
1, b = 0 as is shown in [1].

Utilizing (5), (9) and (10), we reduce the energy equation to the more convenient form

4] OT 2T 7 ) 8. T P;
W oz Tg +§0 l+§ = Oy DSB:a (ll)
where
3 5 on L
Ep= — (wg+—L‘—wl——ui +EE__£ .,
¢,Ts X 2 7¢ 2 ¢y alyg

6= e Lo v
T e Tyg ol g

We shall seek the solution of (1)-(4) in the form
U;,g, p;,g, c’ p; ~eikx+§!t.

We obtain expressions for the fluid velocity and pressure from (1) by omitting the common
exponential elkx+0t

vix = k@™, v, = ke, (12)
Py = — pfkv, + Q) e,

From (1b) we obtain an expression for the fluid temperature, which substituted into (11)

yields the surface temperature Té::YU(O)%—C—Eﬂ

/

8,7 s
Tg=T —_
5= T+ 4t o T T
2 13
ar,, 41, (13)
> 2 Vdm TR kg {T sv v\ | WQ(F(r+ k) —F (k4 o))
Fo =ty B () - 42 Mt [ v L
s =5 * ) by T Eova/ g Lol + % + ny (vt —n) '
where we have introduced the function
—1 1
Q tTU1§ /Xl
{42 k2 = 0
po=(e e ) (-
m-— T 1/——+ +—
Solving the equation for the vapor (2), we obtain
Pe _ pere _ Loetr 2o ypete,
0g v Py
= (= D 4 - CeH, "
Q— A v
’ -7, g . W —h_zz
L"gx:——lltﬁD 5*-}»‘1
’ Q2. Vg —hnz o —hoz
Ugz = }\13 k“; De™ "3 - ihde "™ ,
where
—Qu, tog) (ch— o)+ QF .
Ay =Qvg hy=—" — ;o8 =P/ 0s

The sign in front of the root is selected from the condition of the solution decreasing
as z - ®. Substituting the expressions for pg, Té and Té in (10), we express the coeffi-
cient C in terms of D and Tg:
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. Ts a(y—1)+b 15
L:_Y{_(a—b)Tos+ Py D}‘ )

In obtaining (15) it was assumed that £o ™ uz/Té > 1, here the components proportional to pé
can be neglected in the expression for Tg in (13).

Substituting (12)-(14) into the boundary conditions (5), (6), (8), (9), we obtain a sys-
tem of linear algebraic equations

Q= ) v T ayv,
QC{)(Pl —_ pg) = k(Pz.Pl — Py (7\43 ]—{:;—;D + LhA) + a———gb ]Tz — = bD, (16)
\ A, — Q LT a7
(Q — kvr) i1 + (00 — pg) &Ly + ak®Ly = 20107 (~ kA 4 by D) D ot
37 0
— QA 18
ks Tk (0 — 0g) Lo = Th —— 8 1) - s (18)
n3~—k
(19)
Qc0=kw—uT—Z; Ts
0

Eliminating the coefficients A and D from (16) and (18) and substituting them into 7)), we
obtain

{Q — kv — 21&1/1 -k kuyf (hy) ( ; )} ko +
; . (20)
+ {m% 4 2% (g — 1) —)% — kvy [Q( 2; ) +- T (vg— Ll)] f(ha)} =0,

m2:<_ﬁ) klika;
0 P, g‘t‘pl

mg)E[z (o= ) 0y —h) v —fi]x[“r“*z")(?»g—xz) e J

2 2 — b 2 a_ 12 —
22—k a v A2—k a—b

where

The compatibility condition for the system (19) and (20) governs the dependence of the in-
crement ) on the wave number k of the disturbance.

Let us first consider the limit case when the last term in the right side can be ne-
glected. Substituting QZo = k¢; in (20), we obtain the dispersion equation

Q4 Q% (f (hg) — 1) + Q (0F + Kvivg (F () — 2)) + Ko (v — 20 (2 — 7 (h) = 0. (21)

This equation simplifies substantially in the limit case vg L cg, Vg = €5, Vg > Cg. In the
subsonic vapor flow mode, the function f(A;) equals £ =~ 2 + Q/kv_ approximately, and (21) re-

duces to the form [2] &

Q2 (1—‘—?) FZQALI—{—UJ0~/L U(_*ll)ﬁo
{

For kvg (vy/vg ) 1z wo(k) an aperiodic instability occurs in the plane evaporation wave front.
if kvg(vz/vg) /2 wo(k) then the instability increment equals

Q = kvg(vi/vg)'®.
In the self-similar vapor escape mode the condition vg = cg is satisfied. 1In this case
fF(As)=f, = ({3 + yv)a — 3b)(a(l + v) —b)™* (we later assume ¢ > b), and the dispersion
equation is reduced to the form

DQ)=Q* + Q% (fy — 1) + Q(0f — kow,g (2 — fo)) + kogui (v, — ) (2 — f) = 0. (22)

This equation has a root with Re O > 0 upon satisfying the condition

kg (Vg — vi1) > op — kg (2 — 1)

fo

For wo (k) ¥ (2 — fo)l/akvg(vz/vg)l/S we have
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Q = “l‘ﬂ’g(vl(z - fo)/Vg)l/?’,

/3 1 (23
D= (2 1 2 w2 — o
As woe + « the expressions for the roots have the form
0 9 i kgv;vl
17 ( 0) mg !
] ’ vlvglt2 { fo kzvz (24)
Dug -k 0| 1= @ fo) == | | =t @ — ) o |

Therefore, in contrast to the case of the subsonic vapor flow regime, the plane evaporation

wave front turns out to be absolutely unstable for vg = cg since, for example, the condition
vg > min(wo (k)/k) is always satisfied in laser experiments. For small wo(k) the instability
increment equals Re § ™ ng(vz/Vg)1/3 in order of magnitude and exceeds the increment for an
incompressible fluid.

For a substantially supersonic gas flow regime we have

f(xs):(i 2”;63— - )(iikc—s~ <l )_1.

The signs (+) and (—) correspond to two different values of the root in the expression (14)
for A3. For definiteness we select the sign (+). The complex-conjugate expression is ob-
ia Q

a—?b /_c'cg’

tained when the other sign is selected for Q. In case < kcg we have f(hj3) ~2—

and we obtain from (22)

kv kzvz,v
Q2 _ o % _ve +w§(k)—§—i—"i—av-—:0-
S

Cg a—b [4 a—b

This equation always has a root © > 0. For we <:kvg(vz/cs)l/2 the instability increment

1/2

equals ReQ = ng(i?'avab> , which also exceeds the increment in the incompressible fluid.
s a—

The expression obtained is valid under the condition c3/vy > Vg > cg. In the other limit

case Vg >>c;/vz f(X3) >~ 1 and the dispersion equation reduces to the form

Q3L Q (w:, — k%lug) + k3uluz, -~ 0.
The }nstability increment equals Re Q = (l/Z)ng(vz/vg)l/3 in this case for wo < kvg(vy/
1/ 3
vg) . .
It is therefore seen that for vapor efflux velocities commensurate with the speed of

sound, the plane evaporation wave front turns out to be absolutely unstable.

Let us investigate the influence of the temperature disturbances in the fluid for the
case of self-similar vapor escape when vg = Cg- Considering the term with TS in (19) as a
small addition, we find the correction to the natural frequencies of the system. Substitut-
ing € = Qo +8 into (19) and (20), we obtain

R
A _
5 A% ‘ LR ) bods dz* Q | Tysv, Y
= : Fpy+ ——————— —_ Fik 4+ —
aQ o, Tos | {w) - A F go“l‘/“/l + 0 n T 0 +

.u@(F(;«A)—F(k:-_’—)) |
% (. L o Koy ) (25
(kR ; (QO*A[Z_M”W—F koida <p—gT 2 ) . )

In the limit case of surface absorption, (25) simplifies for u >VQo/x7, vzu2/xZT§S. For
kvg }>|Qo|2> kv; we obtain from (25)

2 , _ 20y .,
5 viu (d(.D \QO) ) 1k 901’;{]‘0 ‘ (26)
%1Ts dQ Ay Eoiay

For Wwe <1]Q I 0y kvg(vz/vg)l/BQg there is given (23), and the condition of smallness of the
temperature additions § < IQO} has the form
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Ug 1/'1>>-L {
( vy Tos &)+ (| Q)2 o
which is known to be satisfied under the considered conditions of fluid evaporation by a

powerful radiation flux.

In the opposite limit case, when ifla = wo >>kvg(vz/vg)l/3, we obtain from (26)

6 o —ll:_ i/:jzygl/']fo . (27>
 Tos o, (8, (— iy, 03)Y?)

For £, @i(xlwo/vi)l/z this expression agrees to the accuracy of the factor fo with the ex-
pression for the instability increment of capillary waves obtained in [4]. The complete ex-
pression for the natural frequency is given by the sum of the expressions (24) and (27).

The results obtained above indicate the importance of taking account of the vapor dy-
namics. The method of describing the phase transition region as a hydrodynamic discontinu-
ity is valid in considering disturbances with wavelengths substantially greater than the
thickness of the transition region, i.e., for kil ~ kavg/vy <1, where ! is the particle mean
free path in the gas, and a is a quantity on the order of the interatomic spacing in the
fluid. For kZ > 1 the kinetic equation must be used to describe the vapor dynamics. More-~
over, in considering shortwave disturbances it is necessary to take account of viscous damp-
ing in the fluid since the condition vk® € w, can be spoiled.

In the region of large energy fluxes when uzvi/T§SXZ > o, kvg(vz/vg)l/3 all the hydro-
dynamic motions become insignificant and the dispersion equation reduces to the form

N dTo, N d'Tol
o 1 2
v, =0 dz dz
QS AEQ gy § —0 (28)
T T()S K[ (P‘) i )\1 + gl)ul/xl 1

investigated in [5]}, where it is shown that for Q > Qthr the expression (28) has a solution
with © > 0 where the maximum instability increment is achieved for k > u and equals Qpax Vv
viu?/x7Tég in order of magnitude.

Therefore, the main mechanism resulting in instability of the plane fluid evaporation
wave front in the long-wavelength spectrum range is the mechanism proposed by Landau which
is related to the vortical nature of the vapor motion. In contrast to the theory of slow
combustion, instability development is possible in the evaporation wave at vapor effluxveloc-—
ities close to the speed of sound, for any energy flux densities, and is not of purely aperi-
odic nature.

Instability development can result in a number of physical phenomena already discussed
in [3-6]. 1In particular, the hydrodynamic instability considered in this paper can result
in deformation of the liquid surface under a laser beam. The analogy with the theory of
slow combustion can apparently turn out to be useful even in the examination of other ques-
tions associated with the process of evaporation of condensed media by powerful radiation
flux. Thus, the shape of the cavern for a so-called "dagger" fusion of metals [7] turns out
to be analogous, from this viewpoint, to the shape of a stationary flame in a tube [3].

The authors are grateful to A, A. Vedenov for constant attention to the research and to
S. I. Anisimov for discussion and useful remarks.
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